TTd-A149  093  SYMMETRY  BREAKING  FOR  A  CLASS  OF  SEMI-LINEAR  ELLIPTIC 

PROBLEMS(U)  MISCONSIN  UNIY-MADISON  MATHEMATICS  RESEARCH 
CENTER  G  CERAMI  OCT  84  MRC-TSR-2759  DAAG29-80-C-0041 
UNCLASSIFIED  F/G  12/1 


1/ 

NL 


Mathematics  Research  Center 
'  University  of  Wisconsin— Madison 
610  Walnut  Street 
Madison,  Wisconsin  53705 

October  1984 

pj  (Received  August  24,  1984) 


Sponsored  by 

*  U.  S.  Army  Research  Office 
P.  O.  Box  12211 
Research  Triangle  Park 
North  Carolina  27709 


UNIVERSITY  OF  WISCONSIN  -  MADISON 
MATHEMATICS  RESEARCH  CENTER 


<*) 


SYMMETRY  BREAKING  FOR  A  CLASS  OF 
SEMI-LINEAR  ELLIPTIC  PROBLEMS 

» 

Giovanna  Cerami 

Technical  Sumnary  Report  #2759 
October  1984 
ABSTRACT 

Consider  the  nonlinear  elliptic  problem . 

f(u)  | x |  <  R 

0  Ixl  -  R  . 


LUCHi.  V. 


Suppose  this  problem  has  a  family  of  positive  radial  solutions  parametrized 

P"  '  ■  i  3 

by  R,  i.e.,  u£( jx|).  Yn  the  paper  me -study  the  possibility  of  the  existence 
of  nonradial  solutions  of  (*)  bifurcating  from  the  radial  solutions  family. 

,  t  ft  *  o 

Answering  a  question  posed  by  smoller  and  Was serman,  we  -show  this  happens 

■  -  1 

if  f  satisfies  suitable  assumptions.  Therefore,  we  investigate  the  global 


structure  of  the  nonradial  solution  set ,  / 


/  r  /to 


ft  d. 
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SIGNIFICANCE  AND  EXPLANATION 


Consider  the  nonlinear  elliptic  PDE 

J  -Au  *  f(u)  ( x f  <  R 

\  u  -  0  |x|  -  R  . 

Suppose  this  problem  has  a  family  of  positive  radial  solutions  parametrised 
by  R,  i.e.,  uR(|x|).  We  are  interested  in  the  way  in  which  this  family  of 

solutions  can  bifurcate  into  nonradial  solutions.  When  this  happens  we  say 
that  the  (radial)  symmetry  breaks. 

We  give  sufficient  conditions  for  symmetry  breaking  to  occur  and  we  study 
the  structure  of  the  nonsymmetric  solution  set. 
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SYMMETRY  BREAKING  FOR  A  CLASS  OF  SEMI-LINEAR 
ELLIPTIC  PROBLEMS 


Giovanna  Caras! 


1. 

Consider  tha  problaa 

C -Au  ■  f (u)  in  Br 

(1.1)  \ 

^  u  ■  0  on  3br 

where  br  R*1,  n  >  2,  la  tha  open  ball  of  radiua  R  centered  at  tha  origin  and 
f  t  R  ♦  X  ia  a  C2  function. 

Supposa  that  thara  exists  an  interval  (R^  ,Rj  c  R+  such  that  V  R  e  (Rj,r2)  tha 
problaa  (1.1)  has  a  radial  solution  uv.  A  natural  question  to  ask  is  whether  or  not  for 
these  values  of  R  there  are  nonradial  solutions,  and,  in  particular,  whether  tha 
nonradial  solutions,  if  they  exist,  are  close  to  the  radial  ones.  In  soae  cases  it  is 
easily  possible  to  give  a  (negative)  answer.  If,  for  exaaple,  f  is  non  negative  (or  non 
positive)  a  siaple  application  of  tha  aaxiaua  principle  and  of  a  well  known  theorea  by 
Gidaa-Hi-Nirenberg  [5]  perait  us  to  conclude  that  every  solution  of  (1.1)  aust  be  radially 
synwtric. 

In  this  paper  we  are  interested  in  the  possibility  of  the  existence  of  nonradial 
solutions  of  (1.1)  bifurcating  froa  the  radial  faaily. 

In  order  to  be  aore  precise  it  is  useful  to  rewrite  the  problaa  (1.1)  in  the  fora 
(1.2)  •(R,u>  -  0 


where 

is  the  operator  defined  by 
(1.3) 


.  ♦  —  t+oi  — 

•  i  R  *  C„  (B,)  ♦  C„  (B,) 


( R,u)  ♦  U  -  R2G  f(u)  G  -  <-M 


-1 
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and  C.  ( B ^  >  denotes  the  set  of  the  continuously  differentiable  functions  on  which 

vanish  on  3b^  and  whose  first  order  derivatives  are  HSlder  continuous  in  B^  with 
exponent  a  (n  c.  (0,1)).  Cg+r'(B1)  is  a  Banach  space  under  the  usual  norm 

|u  (x)-u  (y)l 

•  u*  =  max  !u(x)l  +  max  max  lu  (x)|  +  max  max  - — -  . 

™  xPB  1<i<n  x€B.  Xi  1<i<n  x,y€B.  I x— y | 

x*y 

Then  to  a  radial  solution  uR  P  Cp+ni(BR)  of  (1.1)  there  corresponds  the  solution  of  (1.2), 

—  +  1+n  —  — 

( B.Up )  P  R  *  CQ  ( B 1 ) ,  uR(*)  ?  uR(R*). 

We  will  say  that  the  symmetry  breaks  at  R  if  (R,uR)  is  a  nonradial  bifurcation 
point  i.e.  if  every  neighborhood  of  (R,uR)  contains  solutions  of  (1.2)  (R,u)  with  u 

nonradial. 

It  is  known  (see  for  example  [4] )  that  a  necessary  condition  to  have  symmetry  breaking 
at  R  is  that  ker  *u(R,uR)  contains  nonradial  functions. 

We  are  concerned  with  giving  sufficient  conditions  to  have  nonradial  bifurcation  for 
(1.2)  at  a  point  (R,uR)  where  uR  is  a  positive  radial  function. 

Our  main  interest  is  in  a  problem  posed  by  Smoller  and  Wasserman  in  [8) ,  where  they 
study  symmetry  breaking  problems  for  positive  solutions  of  semilinear  elliptic  equations. 
They  close  [8]  with  the  following  conjectures  suppose  f  f  F,  F  being  the  family  of 
functions  f  e  ( R)  such  that  f ( 0)  <  0,  (f(t)/t)’  >  0  and  f"(t)  <0  V  t  >  0  and 
f(t)  >  0  for  some  t  >  0.  Then  by  a  result  of  17]  it  is  known  that  there  is  an  interval 
( R1 , R2 ]  such  that  V  R  e  (R1fR2]  there  exists  a  unique  positive  radial  solution  of  (1.1) 
and  the  necessary  condition  for  the  symmetry  breaking  is  satisfied  only  if  R  ■  Rj.  Does 
the  symmetry  break  at  R2? 

we  will  show  this  actually  happens  for  f  "generically"  chosen  in  the  subclass  F' 
of  F  made  by  the  function  satisfying  the  slightly  stronger  condition  f"(t)  <  0 
V  t  >  0.  Here  "generically"  means  that  given  f  !  f1,  it  is  possible  to  compose  it  with 
an  arbitrarily  small  translation  obtaining  a  function  which  is  still  in  F'  and  for  which 
there  is  symmetry  breaking  from  the  positive  solutions. 


V*  will  prove,  more,  that  this  bifurcation  phenomenon  la  global  i.e.  the  set  of 
nonradial  solutions  of  (1.2)  bifurcating  from  i«  either  unbounded  in 

*+  x  or  aeets  the  connected  component  of  the  radial  solutions  of  (1.2)  containing 

the  positive  solutions  in  a  point  different  from  (^.Uj^). 

In  our  argument  »e  have  taken  advantage  of  some  of  the  ideas  of  18] »  indeed,  using  the 
method  introduced  in  (8] ,  Smoller  and  wasserman  could  have  obtained  an  analogous  local 
result.  However  our  proof  is  more  straightforward  and  simpler.  Moreover  our  point  of  view 
allows  us  to  investigate  and  understand  the  global  structure  of  the  nonr.di.l  solution, 
set. 

The  paper  is  organised  a.  follows,  first,  in  section  2,  the  bifurcation  problem  fro. 
a  family  radial  solution,  is  studied  in  a  little  more  abstract  framework.  Then,  in  section 
3,  the  result  is  applied  to  the  smoller-Wasserman  problem  to  get  a  local  symmetry 
breaking.  Finally  the  global  bifurcation  result  is  proved  in  section  4. 
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discussions  on  the  subject. 


In  what  follows  ws  will  denote  by  CQ  f*(B1 )  and  CQ+ni(B1 )  the  subapaces  of 


1+a — 


C„  (B1 )  consisting  respectively  of  radial  functions  and  of  functions  even  with  respect  to 
the  first  n  -  1  coordinates,  i.e. 


)  -  'u  ec^)  :  u(x)  -  u(lxf)> 


CQ+n(Bt  )  -  fu  e  Cg  *(  B  j  )  S  u(X1,X2,...,Xn_1,Xn)  -  u(-X1  ,-Xj  ,  .  .  •»”Xn_1  *Xn)'> 


*  will  be  the  operator  defined  by  (1.3). 

The  ain  of  this  section  is  to  prove  the  followings 


Theorera_2i2-  Suppose  that  there  exists  r,  c  e  r+,  e  <  R  and  a  C1  iap 

—  —  1+a  •» 

Y  t  (R-e,R+e)  ♦  cQ  (B1) 

such  that  if  we  put  Y(R)  “  uR  the  following  conditions  hold 

H1 )  ¥  R  e  (R-e,R+c),  (r.Uj^)  is  a  solution  of  (1.2).  uR  e  cQ  (B,)  and  there  is  a 

neighborhood  of  (R,u  )  in  (R-c,R+c)  x  C^IB.)  in  which  there  are  no 
R 

aolutlona  of  (1.2)  except  these; 

H2)  u_  is  positive  and  u_j  *>  0. 

H3)  R  f"(u_)Y'(P)  2  f'(u_)  +  0. 

R  R 

Then  (f,u_)  is  a  nonradlal  bifurcation  point  of  *. 

R 

Denote  by  ^(R.u)  the  linear  operator  from  Cq  (B,)  in  CQ  (B^ )  defined  by 

*u(R,u)v  -  v  -  R2G  f * (u) v  . 

In  order  to  prove  theorem  2.1  we  start  with  a  lemma  which  gives  a  characterisation 
of  ker  *u(R,u)  when  (R,u)  is  a  solution  of  (1.2)  and  u  does  not  change  sign  in  Bj. 
We  recall  that  in  this  case  u  is,  by  the  Gidas-Hi-Nirenberg  theorem  [5],  a  radial 


function 


.  Let  (*,u)  bg  a  solution  of  (1.2)  whore  u  la  positive  [negative) .  if 

1+n  — 


1C  S  fv  e  CQ  (B  ^ )  t  V  ♦  F2G  f*(u)v  ■  0) 

than  K  im_ 

(a)  either  l0 )  or*  1  tojMlgMl  g«t  «id«  by  radial  functions  if 


H 


¥  0, 


(b)  either  an  n-dlaan*lon*l  »et  made  by  nonradlal  function*  or  an  ( n+1 ) -dimensional 


Mt  spanned  by  1  radial  function  and  n  nonradlal  function;  If 


Sr ■] 


r-1 


-  0. 


Proof.  Suppose  u  is  positive .  Then,  aa  srantioned  before,  by  tha  Gidas-Ni-Nirenberg 
theorem  (5),  u  la  a  radial  function  and,  moreover,  ~  u(r)  <  0,  0  <  r  <  1. 

It  ia  a  atandard  raault  (31  that  avary  alaaant  of  K  can  ba  written  in  tha  form 

* 


(2.1) 


v(r,B)  ■  ?  a  (r)P  (B) 

k-0  * 


0  <  r  <  1  BBS 


whara  tfQ  ia  a  conatant  and  for  k  >  1,  ia  an  aiganf unction  of  tha  Laplacian  on  tha 
( n-1  )-ephara  s'1-1  corraapondlng  to  tha  k-th  nonradial  eigenvalue.  Hence  ak(r)  ia  a 
aolutlon  of 

(2.2)  -r1”"  (r"'V(r))  ♦  r"2lkw(r)  -  R2f*(u)w(r) 

where  r  e  (0,1)  and  1^  •  k(k  ♦  n  -  2)  for  k  >  1.  Moreover  ak(1)  ■  0  and  by  tha 
continuity  of  v  in  Bv  ak(0)  •  0  V  k.  It  ia  ohvloua  than  that  any  ak  and  in 
particular  aQ  la  uniquely  determined  up  to  a  conatant. 

Differentiating  -Au  -  P2f(u)  with  raapact  to  x^ ,  wo  deduce  that  — u  ia  a 
aolutlon  of 

(2.3)  -r1""  (r*”1w,(r))  +  r“2(n-1)w(r)  -  F2fMu)w(r) 

or 

0  <  r  <  1,  aatlafylng  tha  condition  w(0)  -  0. 

Thua 

-  c  f-j  ul  c  ■  conat. 

bacauaa  both  aolva  (2.3)  with  tha  initial  condition  w(0)  •  0.  So  in  tha  caaa  (a), 
at(1)  -  0  implies  c  -  0. 

If  k  >  1,  >k  >  n-1  ao  ak  has  at  loaat  k  -  1  zeroa  in  (0,1).  Using  cooper laon 

argument*,  ainca  7—  u  la  never  0  in  (0,1),  from  (2.2)  and  (2.3)  we  deduce  than 
dr 


•k 5  0 


V  k  >  1 


-:S>v 


•  *  -  *  •  *  e*“  .*•  %*«  *.  ' 

1  **•  %*  •  V  %• »/  .  •**  *»  *’ 


Therefor*  we  can  conclude  that  In  case  (a),  the  set  K  Is  f c  aQ(r)/c  e  R>  so  is 
f0>  or  a  1-dinensional  set  according  to  a0  =  0  or  not.  In  case  (b) 

K  '  'cl*0,r>  +  °2<fr  “’"‘i ( A >/ci »c2  e 

so,  since  0^(4)  varies  in  an  n-dinensional  space  (the  space  of  the  spherical  harnonics  of 

the  first  order  in  n  variables)  and  gj  u  j*  0  in  0<r<l,  the  conclusion  follows. 

If  u  is  negative  the  proof  is  the  same  after  observing  that  Gidas-Ni-Nirenberg 

theorem  implies  u  radial  and  u  >  0  v  r  e  ( 0 , 1 ) .  ■ 

dr 

Remark  2.3.  A  result  analogous  to  lenmva  2.2  is  proved  in  [7],  but,  for  completeness,  we 
have  preferred  to  give  the  above  proof  here.  It  is  slightly  different  from  that  of  (7) . 


He  recall  now  a  bifurcation  theorem  by  Crandall  and  Rabinowitz  [1] . 


XbS8£S5_3*l*  Let  *»  Y  be  Banach  spaces,  V  a  neighborhood  of  o  _in  X,  X,  e  e  R,  and 

F  :  (X-e,X+e)  x  v  ♦  Y 

have  the  properties 

a)  F( X ,0)  -  0  V  X  ,  |X-X|  <  e 

b)  the  partial  derivatives  F„,  Fi#  Fjx  exist  and  are  continuous 

c)  ker  Fx(X,0)  and  YNker  Fx<X,0)  are  one  dimensional 

d)  *Xx*',O'x0  ^  Range(Fx(X ,o) )  where  ker(Fx<X,0))  “  Spanfxg). 

If  2  is  any  complement  of  ker(Fx<X,0))  ln_  X  then  there  is  a  neighborhood  U  of 
( X  ,0)  _in^  R  x  x,  an  Interval  (-a, a)  and  continuous  functions  if  s  (-a, a)  ♦  R 
*  :  (-a, a)  ♦  2  such  that  *>(0)  ■  X  *(0)  -  0  and 

F_1(0)  no-  axQ  ♦  a*(o))  :  |o|  <  a>  u  f(X,0)  :  (X  ,0>  e  u> 


Proof  of  Theorem  2.1 

Consider  the  operator 

—  —  1+a  —  1+o  — 

F  :  ( R-e ,R+E )  X  c0  (B1 )  ♦  C0  (B,) 

defined  by 


F(R,z)  -  z  +  uR  +  R2G  f(z*uR) 

where  G  was  introduced  in  $1,  (1.3).  Note  that  G  is  a  compact  operator  from 


■*c-. •*././ 

•VVV  V/vV'* 


-6- 


C, 


v  Sine*  uR  solves  (1.2),  F(R,0)  -  0  V  R  e  (R-e,R+e). 

It  Is  clear  that  proving  that  there  are  nonradial  solutions  of  F(R,s)  *  0  in  any 

neighborhood  of  (r,0)  is  equivalent  to  proving  that  (R,u_)  ie  a  nonradial  bifurcation 
•  R 

|  point  of 

The  operator 

F,(R,0)  i  (^‘‘‘“(B,)  ♦ 

is  defined  by 

I  v  ♦  v  +  R*G  f’tUfllv 


and  using  H2)  and  lana  (2.2)  we  deduce  that  the  set 

is  fve  c^rt,)  «  f£(r,o>v  -  o* 
is  either  n  or  n+1  dimensional. 

Hypothesis  Hj )  and  h3)  exclude  the  last  possibility.  Indeed  consider  the  restriction 

of  F  to  (R-e,R+c)  *  Cq+°(B^ ) ,  it  defines  an  operator 

—  _  ~1+a  —  ~Ho  — 

F  :  ( R-C , R+€ )  x  C0  (B,)  ♦  CQ  (B^) 

such  that  F(R,0)  -  0  ¥  R  e  (R-e,R+C). 

Jsing  the  regularity  of  y  it  ia  eaay  to  check  that  the  condition  (b)  of  theorem  2.4 
is  satisfied.  Moreover 

a*  <vi+a  —  ~  —  .  "'Ho  — 

I  ■  fv  «  C„  (B,)  :  Fe(R,0)v  -  0>  -  m  C„  (B,) 

Thus  if  K  is  (n+1 l-dieensional,  K  ia  1-dimensional,  and  the  condition  (c)  of 

Theorem  2.4  is  verified  too.  The  last  condition  of  Theorem  2.4  in  our  case  becomes 

f’(Rf(u_)Y,(R)  +  2fMu_)]v2dr  +  0 
0  R  R 

where  v  e  K,  and,  by  H3),  it  is  fulfilled.  Then  we  can  deduce  that  in  any  neighborhood 

of  (R,0)  there  are  nontrivial  radial  solutions  of  F(R,0)  “  0.  But  this  tallies  that  in 

any  neighborhood  of  (R,u_)  there  are  radial  solutions  of  (1.2)  different  from  those  of 

R 

the  type  (R,Y(R) )  in  contradiction  to  H j ) .  So  K  must  be  n-dimensional  and  consist  of 
nonradial  functions. 

Since 


Vvv'M'vV 


\  \  -•  . 


v  *  ** 


»  *  **•  »  *  •  *  a**  -*•  .*•  ^  .*«*»*■ 


-7- 


- u  and  •— 

r  dr  —  dr 

R 


u-| 
rJ  r»1 


9u 


1  R 

differentiating  the  equation  -Au  «  R  f(u),  with  respect  to  x^  we  see  that  is  a 

—2 

solution  of  -Av  ”  R  f*(u_)v  in  satisfying  the  0-boundary  condition.  Then  the  set 

R  »u_ 

8  *  {  tj— — ,  i  m  1,2. . .nl 
*i 


is  a  basis  for  K.  Therefore  it  is  easy  to  check  that 

*  * 1+n  —  . 

K  5  K  n  cQ  (Bf) 

3U_ 

p 

is  a  1-dimensional  set  [spanned  by  - — ,  a  nonradial  function] . 

**  x 

—  —  *1+a  — 

Now  consider  the  restriction  of  F  to  (R-e,R+e)  x  CQ  (B j ) •  It  defines  an  operator 

F  :  <?-f,R+e)  x  ♦  C^+0‘(B1) 

and  arguing  in  the  same  way  as  before  for  F,  we  can  apply  Theorem  2.4  and  conclude  that, 

in  a  suitable  neighborhood  v  of  (R,u_)  in  (R-e,R+e)  x  Cq+°I(b1),  the  set  of  nontrivial 
.  R 

solutions  of  F(R,z)  ”  0  is  a  continuous  branch  of  nonradial  functions.  ■ 


Remark  2.5.  If  we  denote  by  0(N)  the  group  of  the  orthogonal  matrix  T  acting  on  wP 
and  by  T  the  representation  of  0(N)  in  Cq+°( B ^ )  defined  by 

f(T)z(x)  -  z(Tx)  ,  z  e  cJ+“(B,I),  T  C  0(N) 
the  operator  F  turns  out  to  be  equi variant,  i.e. 

r(T)F(R,z)  d?f  F( R, z(Tx ) )  -  F(R,r(T)z) 

and  the  set  of  the  solutions  of  F(R,z)  "0  is  invariant.  In  fact,  if  F(R,z)  ”  0 

0  -  r(T)F(R,z)  -  F(R,r(T)z) 

Moreover  it  is  not  difficult  to  check  that  the  group  0(N)  acts  transitively  on  K, 

i  *6  * 

V  v1,v2  6  I,  Vj  j1  0  35  e  R+  and  T  e  0(N)  such  that  v2  -  CHTJVj 

So  the  manifold  of  the  nontrivial  and  nonradial  solutions  of  F(R,z)  ■  0  in  V 
corresponds,  via  the  group  action,  to  an  n-dimensional  set  in  (R-e,R+n)  x  Cg^fB^)  of 


nonradial  solutions  of  F(F,z)  •  0 


r.v 


I 


Remark  2.6.  A  nor*  precise  description  of  the  bifurcating  set  from  (R,0),  of 

F(R,s)  “  0  can  ba  obtained  using  a  theorem  of  Prodi  ([6],  Th.  1)  or  a  theorem  of  ^ 

Vanderbauwede  ((11],  Th.  6.2.6)  concerning  bifurcation  for  Fredholm  operators  of  0-index, 
subject  to  the  action  of  a  group  of  symmetries,  when  the  dimension  of  the  kernel  of  the 
linearised  operator  is  bigger  than  1.  Both  of  them  allow  us  to  conclude  that,  under  the 
hypothesis  of  theorem  2.1,  the  bifurcating  set  is  locally  an  n-dimensional  manifold.  I 

But,  since  in  our  application  we  are  more  interested  in  the  "global*  structure  of  the 
bifurcating  set,  we  have  preferred  to  state  the  local  bifurcation  result  in  a  way  such  that 
the  proof  la  simpler. 

I 


I 


ir 


rf~ 

s 


I 
I 


p 


■^7 


v.  *-  _*._**- . 


3 

Consider  the  family  F  of  functions  f  e  C2(»  satisfying  the  following  assumption 

h j )  f(0)  <0  >  at  >  0  i  f(t)  >  0 

h2)  f"(t)  <0  V  t  >  0 

h3)  >0  V  t  >  0 

In  [7]  it  was  proved  that 

ZbSSSSi>2ala  For  each  f  e  F,  3  R1#  r  e  R+  i  0  <  R,  <  it  such  that  V  R  e  ( ,  R]  the 

problem  (1.1)  has  a  unique  positive  ( and  therefore  radial )  solution  uR  and 

dr  ur|  r«R  *  0  where  the  equality  holds  if  and  only  if  R  "  R. 

This  section  will  be  devoted  to  the  study,  locally,  of  the  symmetry  breaking  problem 

for  this  class  of  functions. 

For  *  e  «+  let  fg(t)  -  f(t-d). 
we  have  the  following  result: 


i 

■ 


Let  f  «  F.  Mien  3  d  g  d(f)  >  o  such  that  v  6  e  [o,d],  tg  e  F.  Let 

(R^ ,R]  denote  the  interval  of  *+  such  that  V  R  e  (Rj  ,R)  the  problem 

C  »Au  -  f*(u)  in  Br 

^  u  “  0  on  <*Br 

has  a  unique  positive  solution.  Then  for  almost  every  *  e  [0,d)  the  symmetry  breaks  at 
R. 

Remark  3.3.  Observe  that  the  interval  (R^,R]  depends  on  d  and  f. 

We  start  the  proof  of  theorem  3.2  with  the 


ftSfflaJUi*  V  f  e  F  ad0  =  d(f)  :  V  5  e  [0/0J  tg  e  F 


Proof.  Ha  begin  by  obaarving  that  it  la  an  aaay  axarciaa  to  varify  that  h1 ) ,  h2),  h3) 


(3. t )  f'(t)  >  0  V  t  >  0  . 

By  tha  continuity  of  f,  f*,  f"  it  ia  poasibla  to  find  *n  >  0  auch  that 


f  (t)  <  0 


f*(t)  >  0 
fit)  <  0 


v  t  e  t-*0,o] 


tit)  >o  v  t  e  rt-*0,tj 


then  I  *  J  [0,*Q]  aatiafiaa  h ^ ,  h2)  and  fj(t)  >0  v  t  > 
In  order  to  verify  h3)  we  have  to  show  that 

f$(t)t  -  fj<t)  >0  v  *  e  (o,*0) 


f'(t-*)t  -  f<t-*>  >0  v  t  >  o 


and  thia  ia  obvioua  too  bacauaa 


if  t>* 


f'(t-*)t  -  f(t-*)  >  f'(t-*)(t-*)  -  fit-*) 


while  if  t  <  *  fit-*)  >  0  and  fit-*)  <  0. 


now  turn  to  tha  proof  of  tha  sywsetrv  breaking  reeult  aa  an  application  of  Theorem 


In  order  to  do  thia.  firat  wa  need  to  give  an  idea  of  the  way  in  which  Theorem  3.1  la 
proved  in  [7] . 

We  obaerve  that  aince  a  positive  solution  of  (1.1)  is  a  radial  function  (by  the  Gidas- 
Ni-Nirenberg  theorem),  it  must  satisfy  the  boundary  value  problem 

{u  +  —  u  +  f(u)  »  0  0  <  r  <  R 

rr  r  r 

ur(0)  -  u(R)  -  0 


VVVV. 


1 


Then  the  initial  value  problem 


(  u  +  nil  U  +  f(« 
I  rr  r  r 

l  ur<0)  -  0  u( 0 ) 


0  <  r  <  M 


is  considered  (when  M  is  a  suitably  big  number) .  The  solution  of  this  I  VP  is  denoted  by 
u(*  ,p) . 

It  is  shown  that  if  f  e  F,  3 p  such  that  V  p  >  p  the  unique  solution  of  (3.3), 
u(«,p)  is  such  that  u(R,p)  -  0  for  scats  R. 

Precisely  it  is  proved  that,  if  we  define 

R(p)  «  min(R  j  u(R,p)  “  0> 

the  dosiain  of  R(p)  is  (p,***),  R(p)  is  continuous  decreasing,  lie  R(p)  -  Rf, 


0  <  R,  <  R(p) ,  ur(R(p),p)  <0  V  p  >  p  and  ur(R(p),p)  ■  0.  So  for  p  >  p,  the  solution 
u(*,p)  of  (3.3)  will  be  the  unique  positive  solution  of  (3.2)  in  0  <  r  <  R(p)  (end, 
then,  a  radial  solution  of  (1.1))  satisfying  the  boundary  condition  u(R(p))  “  0. 

Of  course  u( • ,p)  can  be  considered  as  a  function  of  both  its  arguments  in 
[0.M]  »  R+  (M  >  R(p) )  and  it  can  be  proved  (see  for  exaeple  (7)  appendix]  that  if 
fee2  so  is  u. 


Suppose  now  that 


u  (R,p)  0  where  R  »  R(p),  u  ■  *—  u 

P  P  "P 


Then  by  the  implicit  function  theorem  we  deduce  that  there  exists  a  neighborhood  of  (R,p) 
71  =  (R-e,R+e)  x  (p-n,p+n)  such  that  all  of  the  solutions  in  "YL  of  the  equation 
u(R,p)  «  0  are  pairs  (R,p(R))  where  p  is  a  C1  function  defined  in  (R-c,R+c). 


Thus  we  are  able  to  define 


—  —  1  -ta  — 

v  «  (R-e,R+e)  ♦  c„  (b1 ) 


ift— 


"  «  *  «  , 


(Y(R))(x)  =  U(R|x|,p(R))  =  uR(|x|) 

Moreover  it  is  not  difficult  to  see  that  there  is  a  neighborhood  of  (R,u_), 

+  1  +(l  •"  — i  £ 

U~  f (r,u)  e  R  x  CQ  (B^ )  :  Ir-r|  <  e,  iu-u_l  <  el  such  that  to  each  R  i  |r-r|  <  e  there 

p 

corresponds  a  unique  radial  solution  of  (1.1)  in  U. 


e  m  '  » 

vv 

•a  V  % 
•  •  •  •  j*  * 
e  •  a  '  a, 

•v:* 


-  e  *  «  r ,  *'•  **.  -V*"-  **e  •*.  e*  e*  .*  .V  -*  .V  . 


V  V  V  V  V  V 


ry%,-w ^ W- 


It  is  elMr  than  that,  since  u  la  a  C1  function  of  r  and  p,  y  la  continuoua 
diffarantiabla  and  aatiafiaa  tha  condition*  H? )  and  Hj)  of  tha  Theorem  2.1*  Horaovar 
(Y‘(R))(x)  -  ur(R|x| ,p(r) ) |x|  ♦  Up( R I x| ,p( r ) )p ' ( R) 

Hot#  that  V  x  e  B1 ,  u(R*  ,p(R) )  >  0  and  ur(R*,p(R>)  <  0,  by  tha  Gldas-Ni-Kirenberg 
theorem, and  p'(R)  »  o. 

Tharafora  tha  condition  H3)  of  theorem  2.1  becomes 

(3.5)  Rf*(u_)(u (R|xl,p(R))|x|)  +  2f'(u_)  >*  0 

R  R 

and  it  ia  varifiad  bacauaa  if  f  «  F,  f"(t)  <0  and  f'(t)  >  0  V  t  >  0. 


Thaoraai  (2.1),  than,  will  give  our  statemant  if  we  prova  that,  in  our  hypothaaia, 

(3.4)  ia  varifiad. 

So  wa  hava  to  ahow  that  for  fixad  f  fl  F  ,  ad  >  0  a.t.  for  a. a.  d  6  [0,d],  tha 
aolution  u  of (3. 3)  corresponding  to  f^  varifias  (3.4). 

In  order  to  do  this,  consider  u,  tha  solution  of  (3.3)  related  to  f,  and  observe 
that  u  takes  negative  values  for  r  e  (0,R(p))t  in  fact  V  p  >  p,  u(R(p),p)  -  0  and 
ur(R(p),p)  <  0. 

Let  *  >  0  be  a  number  such  that  is  a  value  of  u.  By  Sard's  theorem  [10]  aleoat 

every  number  in  [-^,0]  will  be  a  regular  value  of  u.  let  us  taka  6  “  mlnf3,*0>  where 
d  is  tha  number  defined  in  lemma  3.4.  Chooae  d  e  [0,-d]  such  that  -d  is  a  regular 


value  of  u  and  consider 


u  •  u  ♦  * 


y 


.  n-1  .  . ,  .  —  n-1  ~ 

u  ♦  —  u  ♦  f  u)  ■  u  ♦ - u  ♦  f,  u) 

rr  r  r  rr  r  r  " 

and,  since  u(*,p)  satisfies  the  initial  conditions  u£(0,p>  “  0,  u(0,p)  -  p,  u(*,p+d) 
satisfies  u^,(0,ptd)  «  o  and  u(0,p+d)  »  p+d.  obviously  0  is  a  regular  value  of  u 
because  u  *  0  if  and  only  if  u  «  • 

Now  to  get  (3.4)  observe  that  (|  e  F  so  Spx  and  a  continuous  function 
R(p>  i  *  p  >  Pj  u(r,p)  is  the  only  positive  solution  of 


_ 


v.v. 


n-T 


o  ♦  f,(u)  ■  0 


0  <  r  <  R(p) 


nils  Motion  will  bo  devoted  to  tho  proof  of  a  global  reault  concerning  the 
bifurcating  aet  of  non radial  aolutions  of  (1.2). 

In  what  follows  f  will  bo  a  fixed  function  in  F  and  *  tho  operatora 

i .  *+  -  >  s;— €*,> 

•  *  "  ^(i,)  ♦  C^CB,) 

obtained  rootrioting  tho  operator  *  defined  by  (1.3)  to  R  *  Cg  (B  ^ )  and  to 
+  *1to  - 

I  «C(  (B j )  respectively. 

Me  will  auppoee  that  f  le  an  eleaent  of  F  for  which  the  local  reault  of  ayaMtry 

breaking  can  be  proved.  Me  think  it  ie  useful  to  auaaarlse  the  properties  of  f. 

—  —  —  140  — 

Pl>  SRV  »,  0  <  *,  <  *  i  »  »  e  (B|,B]  there  exists  a  unique  (  Cg  (Bf)  positive 

ouch  that  •(B.Ujj)  *  u„  “  R*G  f(uR)  ■  J  uR(r)  <  •)  0  <  r  <  1i  U  t  (R^.R)  and 

IAX  U  ■  *  4  • 

,  m  *♦*, 

®o  1 


err. 


V*  .v  .- 

'•V 

>.*  ' . 

>  *  *  "*S  •  V 
,1,0  ,* 

.  •  a  .%*  ■  , 

.'»>V»Ve 


P2)  a*  >  0  such  that  in  Cl  "  f(R,u)  C  **  «  cJ^fB,)  i  |r-r|  <  e,  lu-u_l  <  e)  the 

eolution  set  of  ^(R,u)  ■  0,  N,  is  Made  by  pairs  (R,ur),  uR  *  Y(R),  where  Y  is  a 
continuous  differentiable  function  defined  in  (R-c,R4c)  and  y*(R)  <  0. 


Pj)  (R,u_)  is  a  nonradial  bifurcation  point  for  ♦. 
R 


Denote  by 


«•  3  C(R,uR)  e  (R1fRj  *  c’‘H,(B1>  t  *(R,ur)  -  0,  uK  >  0) 


M  3  r  u  N  . 


«« 


mssm 


’  O  **  **  '  *  4  »  • 


only  solutions  of  *<R,u)  -  0  in  V  «r«  the  points  of  M.  So  *  R  *  (*(>*♦*)  fchotf  If 
a  unique  function  «  cj**!*^  auch  that  (R|UR)  €  V  |nd  •(R,uR)  m  0. 

proof.  The  etatesent  follows  using  ths  property  Pj)  if  (R,uR)  e  W  and  observing  tlist 
if  (R,u„)  e  M\M.  Ur  in  in  ths  intsrior  part  of  ths  positive  cons  (uR  >  0  and 
— —  uR  <  0,  0  <  |x|  <  1)  so,  by  ths  property  Pi )  cannot  be  a  bifurcation  point  for  ■ 


In  what  follow*  If  P  1*  a  aubaat  of  B*  *  C*-**^)  [roap.  B*  *  £’*“<»,). 

*  cj+a(*1>]  w*  will  danot* 

Fj  !  f#  «  Cq^Ib,) (reap.  ^“(i,)!  i  (X,u)  c  P> 

A*  nor*  in  B+  *  ^“(S,)  w*  will  taka 

»(X.u>»  «  |X|  ♦  _ 

C1  (V 

and  if  A«  8  ara  aubaata  of  I  «  Cg  (B,) 

o(A,8) 

will  bo  tho  diatanc*  botwaon  A  and  8. 

Danot*  by  8  th*  oonnaetad  coaponant  of  tha  a at  of  tha  aolutione  of  *(*#»>  “  0 
containing  M. 


.  Tha  aat  8\M*  i* 


in  ir  *  Cfl  (B,)  or  1*  bounded 


in  whieh 


(0,0). 


Proof.  Pirat  wo  obaarv*  that  if  (*,0*1  •  M  by  laaaa  4.1  th*  indax 

1(*(B,«>,  u*,0>  ia  Aaflnad  v  B  e  (R,,***) 

■oroovor ,  by  tha  hoaotopy  inwarianc*  property  of  th*  topological  dagrao,  «uat  be  conatant 

V  B  C  <R,,R*C).  Bo,  ainca  tha  Prtchat  derivative  *  (R.u_)  i*  nonaingular  (aoa  proof  of 
1  B 

Th.  2.1)  and  then  i(?(B,*),  u  ,0)  ia  equal  to  *1  or  -1,  we  can  put 

B 


1(«(B,*),Or,0)  -  1  1  B  I  (B,,B*«)  . 

Suppoae  that  RNJT  la  bounded  and  do**  not  aoot  (0,0). 

Than  there  oxiata  an  interval  (B* ,B")  c  B+  i  0  <  B’  «  B  <  R"»  auch  that 

RSM*  C  (R'.R-l  *  c’  (B,) 

We  can  aaauae  R*  <  Bj. 


SSL  *vcj- 

(B,u.>l)r 


( R,Ug)  e  N'  (by  leaaut  4.1),  an  B 


and  R\M'  ia  bounded  and  cannot  aeat  any  point 


auat  exiat  i  B*  >  R^  auch  that  V  R  e  (R^ ,R#) 


(R,u)  «  K\M ’  <  'V~1*».- 
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[whsrs  V  R,  U|  is  s.t.  (R#U||)  e||v]« 

Consider  then  s  nuabsr  ft*  t  R1  <  IU  <  R#  and 

Hi  •  I  n  UR..**)  «  Cp**^))  . 

Of  course  R*  can  be  ehoMn  such  that  R#  n  H'  is  bounded.  Than  alnoa  R\M'  ia  bounded 
R.  will  ba  bounded.  So,  following  the  Method  deacribed  in  [10]  (Th.  VIII. 1)  it  ia 
poaaibla  to  construct  an  open  bounded  aet  0  in  [R, ,+")  *  CQ  (B ^ )  containing  R •  and 
having  no  seroe  of  ?(»,•)  on  ita  boundary  30.  Thus  the  topological  degree 

d(d(R,»),  0R, 0)  la  defined  v  R  >  R# 

and,  by  the  hoaotopy  invariance  property.  Mat  be  eonatant.  Since  if  we  take  R  (R  >  R") 
big  enough  0R  ”  t,  we  deduce 

d(?(R,*),  0R, 0)  -  0  f  R  >  R, 

Moreover  V  re  [R*.R*].  la^  auch  that  in  the  cloeed  aet 

B(uR,sR)  ■  fu  «  <^+*(B, )  t  lu-Ujjl  <  sR)  there  are  no  aolutiona  of  ?(*,• )  ■  0  other 
than  u^.  So  116  [R*,R*J 

d(?(R,.).  0rN  b(ur.sr>,0)  -  -i(?(R,*),uR,0)  -  -1 


Now  oonaider  the  aet 


R*  3  (R\M*>  n  <tO.R*J  x  C^BCS,)) 


Since  R\M'  ia  bounded  it  ia  poaaibla  to  construct  (following  [9]  or  (10))  an  open 
aet  A  in  (0.R*]  *  containing  R*  and  having  no  seroe  of  ?(*,•)  on  its 

boundary  3A.  Then 

d(J(R,*),  Ar,0)  is  defined  »  R  e  [0,R*1  , 

and,  since  for  R  <  R’  small  enough  A-  «  f,  using  the  hoeotopy  inverianoe  property  we 


d(*(R,»)/R,0)  -  0  MRS  [0.R  J 


On  the  other  hand  for  R  «  [R*,R*1,  A  can  be  constructed  such  that 
Aj  c  0rN.  b(ur,sr)  ,  so,  by  excision,  we  have  MRS  (R«,R*) 

d(?(R,*>,AR,0)  -  d(J(R,.).0R\  B(uR,aR),0)  -  -1 
and  we  gat  a  contradiction.  ■ 


Dsnota  now  by 


E  -  f(R,u)  6  R  i  Kor  *b(R,u)  t  (0>  } 


(R,u  )  e  E  and  it  is  not  difficult  to  sss  (using  for  axaapla  Corollary  1.13  and  Thaoran 
R  _ 

1.16  of  [2])  that  (R,u_)  ia  an  iaolatad  point  in  E. 

R  *1+«  —  * 

Lot  S  ba  tha  cloaura  in  *  C0  (B,)  of  tha  sat  of  tha  solutions  of  *<R,s)  -  0 

that  ara  not  in  R. 

S  is  locally  coapact  in  *+  * 

Prow  tha  proof  of  thaoraai  3.2  wa  aasily  daduca  that  (R,u_)  ia  a  nonradial 

.  -  R  _ 

bifurcation  point  of  •  and  thara  axists  a  n  >  0  such  that  in  V  =  f(R,s)  i  |r-r|  <  n, 

lu  -  u_>  <  rf)  tha  bifurcating  a  at  is  a  continuous  curva. 

R 

Tha  following  thaoraai  givaa  a  rasult  about  tha  global  bahavior  of  tha  sat  of  nonradial 

solutions  of  *(R,u)  “  0  bifurcating  from  (R,u_). 

R 

Th|pr«  4.3-  tha  connactad  cowponant  C  of_  S  u  {(R,u  )}  to  which  (R,u_)  balonts  la 

R  _  R 

aithar  unboundad  or  swats  E  outslda  of  a  nalghborhood  of  (R,u  ). 


Usswrh  4.4.  Rota  that  to  C  by  tha  action  of  tha  syawatry,  corrasponda  an  n-diaanaional 
sat  of  solutions  of  *(  R»  s )  *  0. 


In  ordar  to  prova  thaoraa  4.3  wo  raquiro  a  Is 


int  (R.u)  e  E\{(r,u  )}  than  thara 


axists  a  boundad  opan  sat  0  c  R  x  Cg  (B ^ )  such  that 
i)  C  c  0 
11)  JOnS-f 

lii)  On  R  -  f (R,u)  e  R  i  |R-R|  <  *0  and  *u-u_i  <  e»> 

R 


t.  <  j  sdnf»f,c,p((R,u_),E\f(R,u_))),p(R#C\(CnU))} 


>  o((R,u),R)  >  a 


iv)  8a  >  o  <  v(r,u)  e  0  i  | r— r |  >  e.  or  •u-u  I  >  e0  — 

R 

M  will  not  give  hare  the  proof  of  this  lnat  which  can  be  done  in  the  eaae  way,  with 
obvious  Modifications,  that  in  (10]  (T mm  VIII. 3)  or  in  [9]  (Lomu  1.2).  ■ 

Proof  of  theorem  4.3. 

We  will  argue  by  contradiction. 

Suppose  that  C  is  bounded  end  does  not  Meet  any  point  (R,uR)  e  E\( (R,u  )).  Then 

R 

there  exist  0,  ,  a  as  in  learns  4.5. 

Let  (R,u)  e  R,  (R.u)  ¥  <R,u_). 

_  R 

If  0  <  | r— r |  <  eQ  and  »u-u_*  <  eQ,  (r,u)  III  n  >,  so,  because  of  the 

R 

choice,  u  is  uniquely  determined  as  a  function  of  R  t  u  *  uR.  thus  put 

f  * 

S(R  j  “  j  o(uR,^),  Sjr>Ur)  >  0  and  there  are  no  seros  of  *(R,»)  in 
(R>  «  »“>R\i<uR.*<H.uR>,>  wh*r*  »<uR**(R.ur)>  the  set 
'*  «cr,‘V  '  '~V  «  '(R.u,,)'* 

If  |r-r|  <  c0  and  1u_-ul  >  eg  or  if  |R-R|  >  Cfl  put  s(R>|j)  ■  j«,  then 

0Rn  »<«.•<„,„, >  -  R. 

Take  now  R  i  R  <  R  <  R+eQ ,  and  choose  R*  big  enough  that  ■  $.  Consider 

S  -  inf (s jL  u,  i  R  <  L  <  R+C,  (L,u)  «R> 
s  >  0,  because  of  the  choice  of  cR  and  since  R  >  R.  Consider  the  set 
8  -  f(L.u)  e  ■  X  co  (B1)  »  R<IL,S),R)  <  S> 

s  •  minis, 7  a)  , 

then 

-  —  *  AlM  _ 

(0N8)  n  ( [R#R  ]  *  c0  (B,)) 

is  an  open  set  in  (R,R*I  *  Cq4<,(b1)  and  there  are  no  seros  of  *  on  *C. 

Therefore 

d(*(L,*  ),@^,0)  is  defined  and  is  constant  111  (R,R*1 
by  homotopy  invariance,  so  is  equal  to  0  since  Q.  #  ■  jr. 

On  the  other  hand  since  R  <  R+c_ 


v*.  *. 


®R-  °Rvi(nR'«> 

and  by  axciaion  m  daduea 

d(4(R,.),  0RS  *(uR,sR> ,0)  -  d<*(R, •),«„. 0)  -  0 


Using  tha  sans  argussnt  vs  obtain  tha  sans  rasult  if  R  ia  such  that  R-£Q  <  R  <  R. 


Morsovsr  obssrvs  that,  by  tha  hosetopy  invarianca  propsrty,  4(4(R,*  ),0R,O)  ia 


constant  for  R  e  (R-e0,R+cfl). 

Choosa  finally  R#  and  R^  t  R-eQ  <  Ra  <  R  <  R*  <  R+tg .  Using  tha  axciaion  and 


additivity  propartias  and  tha  fact  that  is  tha  only  saro  of  ♦(Ra»* )  in  BCu^  ,sR  ) 

a  a 


vs  infar 


d(*(Ra, •),()„  ,0)  -  i(«(Ra,*),uR  ,0)  ♦  d(«(Ra,*)^RV  »(uR  ,SR  ),0 ) 
ot  ci  oi  oi  qi 


analogously 


d(*(RR,»),0R^,0)  -  iOOj.O.u^.O)  ♦  d(#(R„,*),0RN  »{uR^,sR  ), 


0) 


from  which 
(4.1) 


i(*(Ra,*),uR  ,0)  ”  i(*(RR,*),uR  ,0) 
ft  4 


But 


•u(R,ur)v  ■  v  ♦  R  G  f(uR)v 


and 


^  R2  G  *,<ur>I  _  »* 

J  RsR 


(by  0.5)) 


So  an  aiganvalua  of  *u<R.uR)  crossas  0 


R  crossas  R  and  this  aiganvalua  is 
sinpla.  Than  tha  indax  i(*(R,* ) ,v^,0)  nust  hava  opposita  sign  on  opposits  sidas  of  R 


in  (R-tg,R»tg)  in  contradiction  to  (4.1). 
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